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The influence of a disturbance upon an iInfuinicely large shallow sea
of constant depth

§ 1. Introduction

In a previous report 1) the problem of the influence of a non-
stationary wind-field upon a sea bounded by a coast and an ocean has
been consildered from a general point of view, IT has been shown that
for some simple regions the Laplace transform.:E of the elevation &
of the level of the sea may be represented by an explicit formula.
In the simplest case of a sea of iInfinlte extenslons, so that There
18 no boundary, we have for the solution vanighing at infinity

o<

— B - 1

{::“'é¥ ff &ﬂk\&xw£)~ﬂywq) )Fhﬂw?ﬂﬂdﬁdq, 1.7
- o0

- = 2
kExpi D+ A - - ’ 1.

cT({p+ )

where

and where F is the Laplace transform of a function F which can be
obtained from the wind-field.

In the above-mentioned report the determination of & from its Laplace
transform had been left out of consideration in view of The complicated
form of 1.2.

In this report where the case of an infinite sea 1is studied 1n more
detall an explicit expression for the original G(x,y,t) of the function
Ko(kl/x§+yﬁ) occurring 1n 1.1 has been obtained. Thus we have from 1.1

*,0.

C(xﬁyﬁt) = - -2---?—;-- J[ d é. d n J F(cd:_ﬁ, N ,t--”r)(}(x--f,_.,y-vz , T)dTt . 1.3

- O3

In a number of non-trivial cases the function B reduces to a Dirac
delta function which annihilates the integrations wlth respect TO £,
and % . These cases are considered in & 3 and are listed below. In all
those cases we have derived expressions for the initial response of

the sea upon a unit step function 1In the time and for the asymptotic
behaviour of the elevation as t —- o« |, If this step function 1is denoted
by t{(t) 1.e. (t)=0 for £ ¢0 and 1 for t x>0, we consider the cases

a mno wind, logarithmic barometric pressure D

b = - ¢(t) ln'f;2+y2,

b circular rotation-free wind-field

X y
W, = ——= ¢(t) W, = ——= (t).
x4y 1 I xSy
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1) H.A. Lauwerier. The motion of a shallow sea under influence of s
non-stationary wind-field. Report TW 31.



¢ cilrcular divergence-free wind-_ield

AR

W, = - ¢ (t) Vo o= ——s t(t).
S x4y Y x4y

d poilnt-source wind

me S(X)g(y) L () W = O.

]klf§4-an arbitrary circular wind-field is considered with

W, = ﬁo(ﬂ/x_g-f-y?) f{t) Wy = Q.

It in particular

Lf(l/gglyﬁs = - 1n\/x2+y2

the following simple expression 1s obtained

- r n 2
QC t’(r‘;a,p) e i—j—g (COSQ e Y Sir‘]@) 3?%\ lnr + KO(L{I”)}

1.4

where r, § are polar coordinates, x=r cos B y=r sin @

The results obtalned in §3 and i§4 are mostly given without proof.

olnce they depend largely upon the theory of Laplace transformation a
separate section, ;§5ﬂ 1s devoted to the study of the inverse Laplace
transformation applied TO KO(KP) and related functions.

&2, General theory

The linearised equations of motion are

) 2 & 1 90D 1
(:S“:E* + A )WX“D_Wy + C (ﬁ + -é-' ’&X) = "'é" WX
2.7
> > 34 4 3by 1.
R TS A R R
O W § Bwy . DCM .
D X EIY T 7?2

where & is the elevation of the level of the sea, W, and wy the compo-
nents of the stream, WX and Wy Che components of the wind-field, b the
barometric pressure, X the coefficient of friction, £L the coefficient

of Corilolis and ¢ the velocity of propagation of a free wave,

1 upon 2.1 Laplace transformation is applied, e.g.
v

il

al(xﬁyjp) = l e”ptéi(x,y,t)dt, 2.2

L ]
Prupiisninmn

for & the tollowing egquation may be obtailned



(A-k")E=F 2.3
where ke = B (p+.a)2+_ngf , 2.4
c™(p+ )
_ — _ _
and chﬁm(é—%i-i—iﬁ;y) “5;#?“?(;%"3&“@)“‘&5' 2.5
If F represents a point-source disturbance at (&,m)
F=2Fb(x-&) 8(y-n), 2.6

where ag(z) 15 Dirac's delta function defined by

6o

jf%tﬂ o0 (u~z)du = f(z),

- &0

the solutlion of 2.3 which vanishes at infinity is

)2

5o (x,y,0) = K (k¥ (x- £)% + (y-7m)7). 2.7

Therefore the solution of 2.3 for an arbitrary function F(x,y,p) at
the right-hand slide becomes

o4s
E(Xsy.’p) = 7 g/'lir} J KOU’{ V (x~- &)a"'(y“ ‘?) )ﬁ(&aﬂsp)dﬁ‘ dn .
e 2.8

In the following scction a few casces will be considered in which F
reduces to a point source disturbance so that, apart from a constant
factor, the solution 1s given by 2.7.

§ 3., Particular cases

a no wind, circular depression centred at the origin,

b = - £(t) 1n r, 3.
— Sy
whe re r mw/xgi;“,
Since Ab = - 27 & (x-£8) & (- n) f(p),
the solution is — _
e G(r,p) = - T(p) K, (kr). 3.2

If G(r,t) represents the original of Ko(kr) we have by means of the

convolution theorem
-

e &(r,t) = - if«tw)e(m-)dr. 3.3

g

The function G(r,t) has the fnl1~wins propertlies which will be proved

in §5.



G{r,t) = 0 , t<r/c 3 .43
2 2\ 2
A -
G(r‘,t) “T“"Q":]”E“ tobo)r + O(t 3) . NC —» o | 3,41‘3
8 XcTt
A |
- L 2 -5 _Q.gm .\2 o
G(Pﬁt) = € < (tzw Eg) ﬁ-qw immgmmL“'(tzw £§)+ou-k 3
C C

If £(t)=0 Ffor ©t <0, so that the disturbance 3.1 starts at t=0, the
elevation 3§(r,t)“at a distance r from the origin is zcro for t <r/c.
Thus the inlitial disturbance at =0 travels radially away from the
orligin with constant velocity c.,

In the speclal casc where £(C) is the unit step-function

f(t) = L(t)y

where
e(t) = 7 £ >0,
we have 1in particular r
Q(:(Pﬁt) - = S G(P:qf)dT‘J 3’5
r/c
and, cf §5, \ 22y 2yp? 4
p G(r,t) = -3 1n:\t+§§y+ 1n %4—0(-‘0 ),
NG
Al — o 3'68
5 L m-% T 5
C\2 . T r r
p C(r,t) = (55)° & (t- 2)° 31 + 0(t- )Y, ©- = = +0.
3.6b
b circular rvotation frece wind-field, Db=0.
- X v Y ~ f - :
W, = ~——m £(0) , W, = = T(F). 3.7
~ %y © J X T 4+y
The divergence 1is zero except artw che origiln where
oW oW
X v _ o 5 S (- e
5% "“W*fl- (x) o (y) £(t).
T'he elevation is accordingly determined by
22: m o r .
EC (Xﬁyﬁp) - f(p) KO(KP)j 3.
which 1s the same result as 1n the previous case so that the same
conclusions may be drawn.
¢ clrcular divergence free wind-field, b=0.
” - L X .
Wy = g £(8)s Wy = g £(8). 39

X < +y Yo x%ty
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Thus we have obtained

e
E’CEE (v, 8 ,p) = T(p)(-cos @ + p‘(_z‘h sin € ) %% Io(kr)J KO(KPO) ¥ (PO)POdPO-I—
r

L %
+ Ko(kr) S Io(l{ro)ff(rg)r*odr’o % .
5 _
4,2
This result will be applied on the following particular case
Wy = ~ 1Inr ¢(t) , W, = 0. . 4.3
!
since I {(kr)r Inr dr = = Lo I kr) - ;QéEEl,’
O K L
and similarly {or Ko(kr), we obtalin without difficulty
2x IO N B 1nr+K8(kr2 25
E)C C:-—- :5-((30;:38 Wp-}*?\ u]-ne)ﬁ{ N » 4,4
In particular we have, cf &5,
. - |
pc“C (r, #,c) = (cos - % gin B ) F———}-E-—'}-E + 0(1), At - o0,
4,5
2 C“E"”QCO‘:“ Y 3
pc“ & (r, 0 ,t) = ——==="—"C + 0(%”) , t—=+ 0. 4.6
21

§5. The inverse Laplace
The original of Ko(kp) where k is determined by 2,4 may be derived as
follows.,

»
2 h -

a If A=0 and JS1=0 we have Kk E%j SO that
N

KO(kr):? :?;%;i%%g" 5.1

|

SO that COS ¥ - 5

\J7
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- ‘AJ.._.
2 A A2 1
G(P,t) = —_——W o
2 7
1/’5 - 5
Q
x -
, At 1 2 PE Rtﬁz P
-% € J (ﬂ COS (.{) l/t ~ ) CXP T TS d‘f’ L(tm --*).
| gﬁi 202(t+sin t2 L ) | )
i _ -
x ¢ =)

2.5
Thus for t ¢r/c G(r,t)=0.
The asymptotic behaviour of G(r,t) for large At may be obtained
elther directly from 5.5 or from the behaviour of its Laplace trans-
form near p=0.

For small p Ko(l{r) may be approximated by

kr . K r kKr Kr
Ko(kl")mwlnw?**mA/HTln““é*“{'(’l“a/)T.;» 5.-6
but near pP=0 only thc followlng terms do contribute
2 2\ 2
8 AC

Thus we have at once

2 2y .2
G(r's"“) - 5F ﬁj\——i—‘%;%—]z—‘ 1 O('tHB) 3 NG — & 5.1

SN\ c™t

The behaviour of G(r,t) for t-r/c — +0 may be obtained either from 5.5

or from the behaviour of 1ts Laplacce transform Ko(kr) for large p.
Wrlting

WEC have

2 2 _
- Mn ot }l |
l{mi{’l b L % : 5.0
C o _
N
From the well-known asymptotic c¢xpansion of the Kowfunotion wWe may
derive in view of 5.8 "
5 T TP s
TC\S € ~ 1
I{ L{P v T e e o» *
(kr) v (z5)  — (1- — ) 5.9
ho?
~ > .
s ﬂ -
whe re 8, = ro (42 T-AT)He
3rc

Thus we have for the original

%.. _ :)_\__t M%_
G(r,t) = (£2) e 2 (v-5) Y-z (-5 + .k,

which convenilently may be written in the form
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